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ABSTRACT 


It  Is  shown  that  for  a  free  splmless  particle  described  by  the 
Kemmer  equation,  the  Hamiltonian  which  Kemmer  originally  presented 
yields  a  velocity  operator  whose  expectation  value  does  not  agree  with 
the  correspondence  principle.  Hamiltonians  for  a  free  spinless  particle 
and  a  spinless  particle  in  an  electromagnetic  field  are  constructed 
from  the  Kemmer  equation.  These  Hamiltonians  differ  from  the  ones 
originally  presented  by  Kemmer.  The  free  particle  Hamiltonian  yields 
a  velocity  operator  whose  expectation  value  is  consistent  with  the 
correspondence  principle. 
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Greek  Indices  run  from  0  to  3,  Latin  Indices  run  from  1  to  3. 
Repeated  upper  and  lower  Indices  are  summed  over.  The  metric  tensor 

9^  Is  given  by  g®®  =  -g^  =  ~9^  s  - g 33  *  1,  and  all  other  components 

are  zero. 
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<)  =  i 
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Pq  =  P^  z.  energy  operator  In  Hilbert  space 
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1.  Introduction. 


When  Kemmer  originally  introduced  his  meson  wave  equation,  he 
also  derived  the  Hamiltonians  for  a  free  particle  and  a  particle  in 
an  electromagnetic  field.  £l J  For  the  case  of  a  spinless  particle, 

I.e.,  when  the  wave-function  has  five  components,  we  show  that  the 
expectation  value  of  the  velocity  operator  obtained  by  using  Kemmer’s 
free  particle  Hamiltonian  is  not  consistent  with  the  correspondence 
principle.  Another  difficulty  with  Kemmer's  Hamiltonians  is  that 
although  the  free  particle  Hamiltonian  is  Hermitian,  the  Hamiltonian 
for  a  particle  in  an  electromagnetic  field  is  not.  The  usual  requirement 
on  the  Hamiltonian  (or  any  observable)  In  quantum  mechanics  is  that  it 
be  Hermitian.  By  requiring  observables  to  be  what  we  call  "neo-Herml tlan", 
we  construct  new  Hamiltonians  which  differ  from  Kemmer's.  Our  free 
particle  Hamiltonian  yields  a  velocity  operator  whose  expectation  value 
agrees  with  the  correspondence  principle. 
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2.  Free  Particle  Kemmer  Equation). 


The  Kemmer  equation)  for  a  free  particle  of  mass  m  is 

(i  ^  )  VCi)  0) 

where  the  (2>M  satisfy  the  relation, 

(Z^0"  (2) 

/O  ^ 

For  a  spinless  particle  the  (5  are  5X5  matrices.  We  shall  use  the 
following  (non-unique)  representation  of  the  /S  ; 


-1  - 

o 

0 

o 

II 

o  o 

o 

o 

-  /  o  o  0  o 

o-l  o  o  o 

o’ 

1 

o" 

II 

V 

o  ; 

<3  o 

o 

1 

o  o  -1  o  o 

O  6  O  -1  O  _ 

Hence  ^  is  a  f i ve “component  column  symbol.  When  the  representation 
(3)  is  inserted  into  (l),  it  is  easily  seen  that  tyfa)  consists  of  a 
scalar,  which  satisfies  the  Klein-Gordoo  equation,  and  its  four-gradient. 
It  can  be  shown  that 

(<?  ?)  =0 

where 

$7  =.  </>  r  (zp*-  l) 

Therefore  the  conserved  four-vector  current  is  given  by 

j*  *  firs*’  y 
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since 


In  particular,  the  probability  density  j  is 

j°  ~ 

(pfio  -  (f>r  (2/S^_  ])^o 

*  ^  u  &*-!?>') 

=  (/'t 
-  + 

The  spin  operator  for  the  Kemmer  equation  Is  given  by 

^  =  d^^5] 


where 


S,  =  X 


*■  3 


(^j'A  cyclic) 

.S,  = 


(4) 


It  will  be  convenient  for  the  discussion  which  follows  to  rewrite 
(1)  in  terms  of  operators  and  state  vectors  in  a  Hilbert  space. 

Then  in  the  Heisenberg  picture, 


and 


<H*)  =  <rl 

-  4*)  £» 


where  the  ket  vector  is  the  state  vector  in  Hilbert  space,  and 


i t  can  be  wri tten 


i<r>  = 


i4i> 

\o 

\%> 

\%y 


so  that is  actually  a  column  symbol  composed  of  five  vectors  in 
Hilbert  space. 

The  components  of  the  four-momentum  operator  P  are  given  by 


and 


P*  =  (r,  i\  i\  r)  -  (?.,  z  p,  )  =  te,  p  ) 
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where  PQ  Is  the  Hermltlan  energy  operator  In  Hilbert  space,  and  Px, 

Py,  and  ?z  are  the  Hermltlan  operators  for  the  momentum  In  Hilbert 
space. 

Thus  we  can  write 

=  O  (5) 

as  the  Kemmer  equation  In  Hilbert  space,  and  (1)  Is  just  the  x-represen- 
tatlon  of  (5) . 
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3.  Hamiltonian  Form  of  the  Free  Particle  Kemmer  Equation. 


The  Hamiltonian  form  of  (5)  may  be  obtained  as  follows. 
Multiply  (5)  on  the  left  by  : 

^  pT  =  o  <6> 

This  can  be  rewritten  as 

[Er  £,  +  -  Bt  (S~fiu)\ =  O  (7) 

Now  add  (6)  and  (7)  to  obtain 

[frZ,  +  £.  73  **/^  ^]  |  </■  >  =  O 

SO’  [Zr  E.  (^Y"+  ^V’’)  +  S.  lf±  =  O 

(P‘'FTi^T*  £'’£„&•  f  ^  7373")  |^  >  _  0 

This  can  be  written  as 

By  (5), 

£,/S«k>  =  -^K*) 

SO 

(-ev  +  z,w  )iv>  =  o 

f")^)  =  £MfiMi2°l(p)> 

For  i>  -  O  ) 

?“)'/'>=  £,/3"/ s»|^> 

=  B-  Pj^OlP) 

or  j^B°(h^)  ~  <P>  =  O  («) 
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Multiply  (5)  on  the  left  by  (3>° to  obtain 

( P,  px  +  Pj  =  o  (9) 

z 

The  (5°  term  In  (8)  may  now  be  eliminated  by  adding  (8)  and  (9). 

The  result  Is 

(f.  +  fj  ft'P*  -  Pj  fiW  +^PC)}P)>  =  o  (io) 

P.lf>  =  (p.  |>J>]  <"> 

Let  the  quantity  H'  be  defined  by  the  equation 

U'  S  f.  -^,/3°  02) 

Eq.  (II)  can  now  be  written 

Pol?}  =  /T|f>  os) 

At  this  point  we  are  tempted  to  call  H*  the  Hamiltonian  for  a  free  - 
particle  obeying  the  Kemmer  equation.  Indeed,  Kemmer  in  his  original 
paper  took  H1  to  be  the  Hamiltonian.  The  form  (13)  seems  to  imply  this. 
We  shall  examine  this  more  closely  later. 

Note  that  (13)  is  not  equivalent  to  the  original  equation  (5) 
because  in  the  steps  to  obtain  (13)  we  have  multiplied  by  the  singular 
matrix  (2°  and  by  •  These  steps  are  irreversible  since  (2>° 

has  no  Inverse. 

The  part  of  the  Kemmer  equation  which  was  "lost"  In  obtaining  (13) 
can  be  obtained  In  the  following  manner:  Multiply  (10)  on  the  left  by  /2° 
to  obtain 

(Po  fi‘  *  Pj  ($')  I?  >  =  o  ... . 
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where  we  have  used  *(5>°  -  O  which  conies  from  (2).  Now  the  Kemmer 
equation  can  be  written  as  (I*  —  O  (15) 

To  find  the  "lost"  part,  we  subtract  (14)  from  (15)  and  obtain 

(  Ej  ft*-  +~)  l(p~)  =  O  06) 

Thus,  ( 1 6)  and  (13)  are  together  equivalent  to  the  Kemmer  equation. 

Note  that  (16)  does  not  contain  PQ  ,  so  In  the  x-representation  no  time 
derivatives  appear.  Hence  (16)  may  be  taken  as  an  Initial  or  subsidiary 
condi tion. 

Eq.  (16)  can  be  written  in  terms  of  H1  as  follows: 

By  (2) 

ft^ft*  =  -ft  *  ft"  +  fti 

so  (16)  becomes 

[Fj^-  Fj  -S”/3"1  +'~l]  W)>  -  O 

or  (Pjft +  =  o  07) 

I 

Since  -  0  ,  (17)  can  be  written 

(  Pj  ft* ft"'-  F;  ft°ft‘ft°  -^ft^+^))  <?  >  =  O 

or 

[ (%  +  ™  ]  i<f>  =  o  (,8) 

The  quantity  in  parentheses  Is  H',  so  ( 1 8)  becomes 

(H‘ft°  +  AV,)|^>  =  o  09) 

Thus,  the  subsidiary  condition  (19)  together  with  (13)  is  equivalent 
to  the  Kemmer  equation. 
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/ 


Because  of  (19)  we  cam  write 

fjvo  =  jy  + 


where  A  can  be  any  arbitrary  matrix  operator. 

The  problem  now  is  to  find  an  A  such  that  the  operator  on  the 
right  side  of  (20)  can  properly  be  called  the  Hamiltonian.  With  this 
in  mind,  let  us  now  consider  the  properties  which  any  dynamical  variable 
must  have. 

From  the  form  of  the  probability  density  j°,  we  are  led  to  take  the 
expectation  value  of  an  observable  to  be 

— - - - - - 

J  (p  c/l 

In  the  x-representation.  Thus,  in  Hilbert  space  the  equation. 


_  « i  <?> 

I  <f> 

gives  the  expectation  value  of  the  observable  e{  in  the  state  ) ft  \  . 
The  requirement  that  the  expectation  value  be  real  yields 

lyv**)*}  *  mr+ltf 

-  Ml  /o 


where  we  have  used  the  fact  that ^3°  is  Hermitian. 

This  suggests  that  a  requirement  on  an  observable  is  that  it  must 
obey  the  relation, 


(ZA 


(21) 


Hereafter  we  will  call  an  operator  o(  obeying  (21)  a  "neo-Herrnl tian" 
operator. 
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In  addition  to  having  a  real  expectation  value,  a  neo-Hermi tian 
operator  has  real  eigenvalues.  This  can  be  shown  as  follows:  Suppose 
o(  is  neo-Hermi tian  and  its  eigenvalue  equation  is 

h  )>  —  Ok  la  )> 

where  Q  is  the  eigenvalue  corresponding  to  .  Then, 

lc\  )a  )  =  Q  I  l&  y  (22) 

Since  ,  the  quantity  Ja^  is  real.  Likewise,  since  o( 

is  neo-Hermi tian,  the  left  side  of  (22)  is  real.  Therefore,  the  eigen¬ 
value  a  must  be  real. 

Thus,  a  neo-Hermi tian  operator  satisfies  the  usual  necessary 
conditions  on  an  observable,  i.e.,  Its  expectation  value  is  real,  and 
Its  eigenvalues  are  real. 

If  (21)  Is  written  out  explicitly  in  matrix  form  in  the  repre¬ 
sentation  (3)>  it  can  be  seen  that  a  neo-Hermi tian  matrix  must  have  the 

f0r'n•  IV..  °  <5  O  ' 

•  ^  t  *  * 

*  *  *  #  ‘ 

•  /  f 

o<H(>  O  O  o  *00 

where  and  o(,,  are  real  (or  Hermitian  if  they  are  Hilbert  oper- 

c>V  V© 

ators) .  The  dots  denote  arbitrary  matrix  elements  which  are  undetermined 
by  (21). 

Thus,  we  see  that  when  working  with  the  Kemmer  equation,  we  are  led 
to  require  that  dynamical  variables  be  represented  by  neo-Hermi tian 
operators  as  opposed  to  the  usual  case  where  dynamical  variables  are 
taken  to  be  Hermitian.  Note  that  since  ? is  a  Hermitian  operator  in 
Hilbert  space,  it  commutes  with  (2>°  ,  and  so  is  also  neo-Hermi  tian 
in  the  5X5  space. 
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If  we  write  out  H1  as  a  matrix,  we  obtain 

O  ~P,  "Pt  ~ 


/WI 


We  see  that  H1  is  Hermit! an  in  the  usual  sense,  but  it  is  not 

i  i  i 

neo-Herml tian  because  the  elements  //0(  ^  }  //o2  are  non-zero. 

It  is  possible  to  make  the  operator  on  the  right  side  of  (20)  neo- 


Hermitian  by  the  proper  choice  of  the  matrix  A,  i.e.,  we  require  that 

H  =  H'  * 


be  neo-Hermf tian  if  it  is  to  be  the  Hamiltonian. 

“  (fi* H)X 


If  we  use  the  condition, 
(23) 


and  write  this  out  explicitly  In  the  5X5  matrices,  it  Is  easy  to 
show  that  A  must  be  of  the  form. 


(24) 


where  the  dots  represent  arbitrary  matrix  elements  which  are  not  deter¬ 
mined  by  (23).  Let  us  set  these  arbitrary  elements  equal  to  zero.  If 
this  is  done,  then  A  can  be  expressed  in  terms  of  the  (SM  matrices  as 
fol lows: 


(25) 
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The  equivalence  of  (24)  and  (25)  Is  easily  seen  when  It  Is  noted  that 


o  /  o  a  o 

o  O  1  0  0 

II 

V 

o 

0 

o  ° 

o 

°  O 

o 

p 

o 

Mi 

o  o  o  I  O 

o 

°  o 

o 

o 


Thus,  we  shall  take  as  the  free  particle  Hamiltonian, 

which  can  be  rewritten  as  follows: 

Now  ($'>pC(Z0--0  ,  so 

H  =  H1 

From  (2)  ,  so 

U  =  H‘  *  £,  *  Fsf3°i3>  (26) 

When  the  expression  for  H1  is  inserted, 

H  =  +  i,  £•  (27) 

To  write  out  H  in  its  matrix  form,  we  can  make  use  of  the  relation, 

—  O  (  jufjO j  all  different) 

which  is  satisfied  for  our  particular  representation  (3).  Thus,  for 
the  representation  (3),  /5° =0  C4 

can  be  used  in  (27). 

II 


In  matrix  form, 


H* 


°  °  °  °  i  (?lw) 


-f, 

"-Pi 


o 


(28) 


where 


=•  £‘l  =  ?/  <-  Rf  <■  K  = 


-P.  £* 


Thus,  the  Hamiltonian  form  of  the  Kemmer  equation  Is 

PR>  =  Mr'* 


(29) 


where  H  Is  given  by  (27).  The  Hamiltonian  form  (29)  and  the  subsidiary 
condition  (19)  are  together  equivalent  to  the  Kemmer  equation. 

When  the  subsidiary  condition  is  written  in  matrix  form,  It 
becomes 


o 

o 

o 

o 

o 

o 

/W1 

o 

0 

o 

o 

o 

o 

o 

o 

(W\ 

o 

o 

o 

o 

o 

\%> 

lO 

1^3  > 

=  c 


(30) 


From  (30)  we  see  that  the  subsidiary  condition  can  be  expressed  by 
the  equation, 

=  -i;  h  (V-'ps) 


(30 


When  (29),  the  Hamiltonian  form,  Is  written  out  as  a  matrix,  the 
bottom  row  yields  the  relation, 

IC>  =  i  A  (32) 

Eq.  (29)  also  yields  the  relation, 

-£R>  =  L 


(/=  3 ) 
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which  Is  consistent  with  (31)  and  (32).  The  top  row  of  (29)  gives 

which  together  with  (32)  yields  the  Klein-Gordon  equation, 

In  the  x-representatlon  the  eigenvalue  equation  for  the  Hamil¬ 
tonian  leads  to  solutions  of  the  form 

*)  =  u  (f)  e.  ^ 

for  states  which  are  simultaneously  eigenstates  of  the  energy  and 


momentum.  The  eigenvalues  and  eigenvectors  of  H  are 


E  =  ££.  : 


«tO)  = 


/ 


where  £.  —  J 


'P> 

-P*- 

-P^ 


ujp°0/t  -  ±! 


and 


E=6  : 

c rL~o 

Since  the  also  satisfy  the  subsidiary  condition,  they  are 

solutions  of  the  Kemmer  equation.  The  are  not  solutions  to  the 

U 

Kemmer  equation. 


o 

“o ' 

o 

/ 

o 

0 

o 

/ 

<4= 

O 

/ 

o 

o 

o_ 

0 

o 
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4.  The  Velocity  Operator. 


We  have  shown  that  the  quantity  H1  should  not  be  taken  as  the 
Hamiltonian  since  It  is  not  neo-Herml tian.  As  a  further  demonstration 
that  It  should  not  be  taken  as  the  Hamiltonian,  we  shall  show  that  the 

•  /  ►  i  *  /  m  *  ♦  \ 

expectation  value  of  the  velocity  operator  X  — (X^ X ^  a  J  ” 

when  calculated  by  using  H'  as  the  free  particle  Hamiltonian,  is  not 

the  correct  value. 

If  H*  were  the  Hamiltonian,  we  would  have 

**  =  H'] 

=  §  [A‘>0] 

XK 

Is  a  Hilbert  operator  and  commutes  with  the  /■-> 

**=  -i  Pj  [t\  itfciyi  l*\ 

=  -i  %]  l»] 

,  so 

We  shall  calculate  the  expectation  value  of  X'ln  a  state 
which  Is  a  simultaneous  eigenstate  of  P0  and  £.  Then  Eqs.  (31)  and 
(32)  yield 

l^>=  «-£  n  M  >  6' - i 3) 

and 

^ 

where  Is  the  eigenvalue  of  and  E  Is  the  energy  of  the  particle 
In  the  state  .  We  have  previously  shown  that  E.  =  — 

for  solutions  of  the  free  particle  Kemmer  equation. 
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Thus,  I  xK  > 

&l  r$‘l '/’> 

lift  )Q 

&ie°it> 

s>  «M 

Now  in  our  representation  of  the  (■*> 

~~ii !fc/  *At  > 

"d  41 =  -  4tf>K>  -  ^>1  ^ ^ 

=  -i  e4^I^> 

/W> 


Thus, 


<**>  »  '44 


- 

ZE 


Te 


(33) 


Now  the  k-component  of  the  classical  velocity  for  a  free  particle 
is  1  so  (33)  is  not  consistent  with  the  correspondence  principle. 

Hence  we  conclude  that  H‘  can  not  be  taken  to  be  the  Hamiltonian. 

If  we  calculate  ^  X  *4  by  using  H  as  the  Hamiltonian,  we  obtain 
the  correct  results: 

**=  H] 

=  -  Lt\  +i,?i  h 

=  -  -  i  (/*  }■  ] 

-  -  i,  i^ys-Vs*  -  i,  f. 
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so 


and 


Now  In  our  representation, 

=  O  (i  *  0 

=  ±  f  ^tlULllUl  IQ 


(34) 


In  our  representation  (3) 


fi'fi 


<  - 


and  so 


o  o  o  o  / 
o 
6 
o 
O 


o 


GW5) 


O 

o 

o 

o 


o 


therefore 


We  now  have 


O  o  o  o  -I 


/*K>  = 

-£  E 

-  -L  r* 

E  r 

which  Is  the  correct  value. 

It  can  easily  be  shown  that  the  velocity  operator  given  by  (34) 
Is  neo-Herml tlan: 

4-2  P  </?»■“>!  f*' 


,*■>**  =  -2.  fVV' 

I  /V^l 
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In  our  representation  (3°  ~  {3°  ,  and  {3*'  ~ 

(<**')*  -  ~  t 

_  £  &  (-fiffi*'- /&')/&• 

-  £  £<  (-  fi‘fs<}sa-^) 

=  A  W'/S*' 

-  X< 


neo-Herml tlan. 


Thus, 
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5.  The  Total  Angular  Momentum. 


The  z-component  of  the  total  angular  momentum  for  a  particle  obeying 
the  Kemmer  equation  Is  given  by 

T*=  Li 


(35) 


and 


Now 


[rF\  =  -l  tw 
JVf*  ±P;£ 'sWfr] 

+  e * ki  rA  %  w-'fi* 


(36) 


where  we  have  used  (4)  as  the  spin  operator.  For  a  free  particle,  the 
total  angular  momentum  must  be  a  constant  of  the  motion.  This  can  be 
verified  as  follows: 

j*  =  -L 

«  .i  [c* r-r + i  L/*'sx]  ,  (ijpfi- 

To  evaluate  this  commutator,  consider  the  following: 

[re*  =  [^B\ 

= 

=  -l  f'i  2KfiW 

-  -L 

so  we  see  that 

[t‘2\  J  =  -L 


(37) 


(38) 
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-  2jL  £><  f>-*  ofi*Z 

/V*1 

where  we  have  used  //2>°/'$t//3i  5  ^  which  holds  In  our  represen¬ 

tation  of  the  ($*  .  Thus 

fx'  P\  i,  £  ^  P  '  £Vs  vs'1  (39) 


£i 


(40) 


Also, 

=  Pj  /Z(3>iJ 

=  £  -&>  <!*&(?  V3V3') 

-  A  &  (-&&'-&'•)  - 

-  (9i) 


=  O 


and 


[K(3^  ft  I^W^J  =  A  ft  ^  *'] 

=  Pj  P‘  ({t'fZ'/S'fite*  * 

-  ptPt(Z*&fax  - 

=  o 


(42) 


(43) 
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To  obtain  (41),  (42),  and  (43)  we  have  used  ftftft°ft?-0  for  qr 

all  different,  which  holds  In  our  representation  of  the  (3 * 

When  we  put  In  expressions  (37)  •  (43)  Into  (36),  we  obtain 

+  £‘fi'Ac  *■—  £ 'PVsys'* 

-  b  £'Px(Wx-<*‘0xX)  W 

Now  In  our  representation  of  the  {3*1  , 

(S.^  *  <saPz%  - 

so  (44)  becomes 


as  required. 


O  6  0  0  / 

a 

<=>  : 
o 
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6.  Particle  in  an  Electromagnetic  Field. 


For  a  particle  in  an  el ectromagnecti c  field  we  make  the  replace¬ 


ment 


Where  is  the  operator  for  the  electromagnetic  four-potential. 
Eq.  (5)  now  becomes 


-o 

Note  that  the  ^  do  not  commute. 


(45) 


To  derive  the  Hamiltonian  for  the  particle  in  an  electromagnetic 


field,  we  proceed  in  a  manner  similar  to  the  free  particle  case. 
Multiply  (45)  on  the  left  by  to  obtain 

(<K  (ft  ^  (fft  >  =  O  (46) 

Eq.  (46)  can  be  written  as 

-  o  („7) 

Add  (46)  and  (47)  to  obtain 

((ft  (ft,  ^‘^'73*'  +  (ft  (ft(3‘V3^3‘J  +  3/vn  -s  o 

which  can  be  written 

[(ft  (ft  <ft/3'V3,r 

+  /</'>  =  o 

\f»  (ft;  (p,<fM+&,$‘'T) 

+  [(£,  "]/'/'>  =  ° 

(<P„t sV^r(?l/3“*2»i^^T  (48) 
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The  first  term  In  (48)  can  be  written  as 

i PPPTfs°  = 

Thus  (48)  becomes 

+  -O  (“9) 

In  the  first  term  of  (49)  we  can  put  In  -mi  f°r  6^  (2>*  ,  so 
(49)  can  be  written 

^r/0  =  ((Pu^T+  <pr]^*' 

+  i^ 

=  (  fo ^ 

= [fiw+ii.fee'}  (Mw+wjio 

For  =  0,  x"i 

rm-yi  <%  ]  G*  w*  ♦  («y  ■ *)  J  /  O 

=  [p0p°'->  <Pj  P‘’i3°  +  t<% jG]  (aw*  (50) 

Multiply  (45)  on  the  left  by  |<S0  to  obtain 

(<%>£*'  +  c =  o 

or 

(PQ  (3»»  = 

Now  put  (51)  Into  (50)  to  obtain 

*2  /*>  *  [Pj  i»]  -„/**  +£, 

x  ((-57575**  + &"'20V  (52) 

?o  W>  =  [e  +  (J3  f^>°J  "V«  ■»£,  f<£,  <$] 

X  (£«($*&*+  (&*  %6l>j\W'>  (53) 
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Eq.  (53)  Is  analogous  to  (II)  which  was  the  free  particle  equation. 
Here,  as  for  the  free  particle  case,  (53)  is  not  equivalent  to  the  Kemmer 
equation  (45).  To  find  the  part  of  the  Kemmer  equation  which  was  lost 
when  (53)  was  derived,  we  can  multiply  (52)  on  the  left  by  {2°  and 
subtract  this  from  the  Kemmer  equation  (45): 

=  [-  6 5 


Now  subtract  (54)  from  (45)  to  obtain 

(-  <?■  + <Pj  (3*  +/.»)  / <0  =  o 

Thus,  (53)  and  (55)  are  together  equivalent  to  (45). 

Eq.  (55)  may  be  written 

(cPj /O  =o 

* 

By  using  the  fact  that  O  »  (56)  can  be  written 


(54) 


(55) 


(56) 


(<% 


or 


(57) 


+~,] /o  =  o 

Thus,  (57)  is  analogous  to  (18)  for  the  free  particle.  So  the  two 
equations,  (53)  and  (57),  when  taken  together,  are  equivalent  to  the 
Kemmer  equation  for  a  particle  In  an  electromagnetic  field. 

The  right  side  of  (53)  contains  the  term  (P  J  which  can  be 
wrl tten 


[<£,<£]  =  [  ,  P.-e  *,] 
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=  -e.  [-Pmj  Au~\  ■+  e  [  2U>  A„~\ 

In  the  x-representatf on, 

4*1  />„/»]/*>  =  &l It) 

=  i\  &lAulf>  -  A»(*)  <L*l£„lt> 

=  [au  (%)  &/?>]  -  i  Av  (*)  ^  £*■!*> 

-  4%l^>  4'^,  Au(%) 


where  F  Is  the  electromagnetic  field  tensor  which  has  the  following 

properties:  <—  __  £- 

'“/«**>  ~  ~  r 

=  - 

ft'j  =  " 

where 

(I,  j,  k,  cyclic) 

fe4ft,f4>  =  ( 

'ft, 

and 

(AA.e.)  = 

6$.,  8,,  &») 

Let  us  now  define  the  antisymmetric  tensor  operator  G  ^  by  the 

equation. 

= 

~  L  ^  &  A)  u 

so  that 

6d  6>J^>  =  Fvp&IV 

Then  (53)  can  now  be  written 

ft  IO  =  />  ^  + 

-g,  t*, 


(58) 


The  last  term  on  the  right  side  (58)  can  be  sympllfled  by  using 
for  ai  all  different: 

=  5  fff. 

where  we  have  used  (2)  in  the  last  step. 

Eq.  (58)  now  becomes 

?Jf>  =  !<p>  <59) 

=  H'IV> 

where  the  operator  is  the  quantity  In  parentheses  on  the  right  side 
of  (59).  In  matrix  form 


&A0 

-P, 

-ft 

-ft 

AV> 

-<P, 

O 

O 

-a 

0 

O 

o 

0 

e/)0 

-4s  <?„ 

o 

0 

o 

e  A „ 

that  '‘ft* 

is  not 

neo-Hermi tian 

,  so  it  can 

Hamiltonian.  Note  also  that"//^  Is  not  Hermltlan  in  the  usual  sense 
either,  although  In  the  free  particle  case  H1  was  Hermltlan.  Since  It 
is  not  neo-Hermi tlan  for  the  same  reason  as  H'  was  not  neo-Herml tian  in 
the  free  particle  case,  we  can  use  the  subsidiary  condition  (56)  to 
construct  a  neo-Hermi tian  Hamiltonian  in  identically  the  same  way  as  for 
the  free  particle  case.  Thus,  the  Hamiltonian  for  a  particle  in  an 
electromagnetic  field  is  given  by 

H  =  %  '  +  ft  ^ ( ’ft  ^ . 
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where  we  have  used  the  subsidiary  condition  in  the  form  (56), 
When  the  expression  for  ^  is  inserted, can  be  written 

#=  e/)0  *  Pj  +  ±, 

In  matrix  form, 


>  « 


where 


e  A> 

0 

0 

0 

-0? 

e/)0  o  o 

-<a 

0  e  ^)0  ° 

o 

0 

/VVJ 

o  o  ° 

£*  = 

-  <?<  <?‘ 

,dt 
a*i 


0 

10 


3» 


/I, 
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7.  Spherically  Symmetric  Electromagnetic  Field. 

For  a  spherically  symmetric  electromagnetic  field,  f\  =  Q 


so 


H  =  e.  i>  +  F;  4  £  ft  *143°/}^ 

-W34  Gj0 


(60) 


where  we  have  set  <f>=  A0  which  is  the  operator  for  the  potential. 
Also,  for  a  spherically  symmetric  field, 

i 

In  terms  of  the  free  particle  Hamiltonian  H, 


= 

H  +  e.  ^ 

in  matrix 

form, 

e  <p 

£ 

o 

o  w  (l.X 

-ft 

e  <f> 

o 

°  -4=  e,0 

14  ~ 

-ft 

o 

e<f> 

°  -45 

-ft 

O 

o 

e>6  -45  <^3o 

/wq 

Q 

o 

O  e  $ 

The  subsidiary  condition  (57)  becomes  identical  to  the  free  particle 
subsidiary  condition  when  we  specialize  to  a  spherically  symmetric  poten¬ 
tial.  Thus  the  two  equations, 

(61) 

and  IV}  -O 

where^-is  given  by  (60) ,  are  together  equivalent  to  the  Kemmer  equation. 
Recall  that  the  subsidiary  condition  can  be  written  as 
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For  states 


(63) 


I  ^  )  which  are  eigenstates  of  the  Hamiltonian,  we  can 
write  the  eigenvalue  equation, 

mo  =  eiv> 

where  E  is  the  eigenvalue  of  “ff. 

In  matrix  form  (63)  may  be  written 


-  o 


E-e-f 

o 

o 

0 

- 

k,  (£***» 

t, 

E-e 

<p 

o 

0 

%  «>. 

2, 

o 

E 

-  e  ^ 

o 

*V€  /C 

-ST 

ft 

o 

o 

E-e 

<p 

/c  /C 
^3o 

-/*1 

0 

0 

o 

E-<2  ^ 

V.>  ' 

h»,> 

l4.> 

(A> 

.  I«V>. 

(64) 


and 


The  top  and  bottom  rows  of  (64)  yield,  respectively, 

(E-e4>)h 0-£  (WK>-0 
-/*•>  1^0 )>  +  (E-e  $)\%  =  O 


(65) 


(66) 


If  we  solve  (66)  for  I  and  put  the  result  into  (65)  we  obtain 

The  solutions  to  (67)  in  the  x-representation  are  given  by  Schiff 
for  the  case  of  a  Coulomb  field,  and  the  energy  levels  are  found. 

Except  for  a  normalization  factor,  is  determined  by  (67). 

Eq.  (66)  gives  |  ^  in  terms  of  )  ^  ,  and  (62)  gives 

i  n  terms  of  |  t</  ^  . 

For  a  Kemmer  particle  traveling  in  a  spherically  symmetric  electro¬ 
magnetic  potential,  the  angular  momentum  is  a  constant  of  the  motion, 
This  can  be  shown  as  follows,  where  is  given  by  (35). 

;*  -£*/*]«£*  4 


28 


(68) 


We  have  previously  shown  that  ,  H  ,  so 

L  Tt  =  GS. 

N°“  [JWoe^l  =  [Aa  e  <#.]  =  o 

because  <f>  Is  spherically  symmetric.  Also, 

=  Gj»  [st 

=  ‘  Qi>  [I13'/31] 

=  t  £j,  -  (<SV/3‘^“1 

_  4  ys»>3  '4 1  +4  !414') 

=.  4  67. 

=  t'  <J>  +^' 

_  (f-4V3VS','vsV'i-)/s!“1 

=  ‘  <S>  ( 9  V*  3,;4^“x) 

=  -L  +L  c,>ax^ 

=  -lhS']W‘'  +  LF,J<*lw°x 


and 


L  [  J*3  £4-.]^3#t  =  .  '^V'2*' 

-  [l*  ,$]*/>&'-  4 


(69) 


(70) 
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Now,  [L  i  ^  Jj  ]  =  [/■'  ^  P;  ] 

=  [*',%]?'-  [x\%]r' 

=  -*•'  9,J'  -p' 

=  ^  ^  p, 

Thus,  (70)  becomes 

£'  CJ0  c  £  +(S'/i<P-i  £ 

-  i'lPij4>']^-dPJ4>l'5^  (70 

* 

When  we  put  (69)  and  (71)  into  (68)  we  see  that  J*  =  Q 
#  • 

Similarly  Jx  =  Jy  —  0,  so  the  angular  momentum  is  a  constant  of 
the  motion  as  required  for  a  spherically  symmetric  potential. 
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8.  Summary 


We  may  summarize  the  arguments  for  taking  H  and  ff  as  the 
Hamiltonians  as  opposed  to  H'  (which  Kemmer  originally  took 

to  be  the  Hamiltonians)  as  follows: 

The  requirement  that  the  expectation  value  of  an  observable  be 
real  leads  to  the  condition  that  observables  be  what  we  have  called 
"neo-Hermi tian".  Neither  H'  nor^Kare  neo-Herml tian,  but  H  and  ^ 
are.  Furthermore,  even  if  we  had  not  Introduced  the  requirement  that 
an  observable  be  neo-Hermi tian,  sti 1 1  presents  a  difficulty  since  it 

is  not  Hermitian  even  in  the  usual  sense.  Finally,  H  yields  a  velocity 
operator  whose  expectation  value  is  consistent  with  the  correspondence 
principle,  while  H'  does  not. 
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